Introduction
Let K be a eld of positive characteristic p, l a positive integer and E a vector space of dimension 2l over K. Let b : E E ! K be a non-degenerate alternating bilinear form. The group of all isometries of b is the symplectic group Sp 2l (K). Sp 2l (K) acts on the exterior powers^rE and the composition factors of these modules are known to be the fundamental irreducible modules, i.e. the irreducible modules labelled by the fundamental dominant weights of Sp 2l (K) . If ! r is a fundamental weight we denote the irreducible Sp 2l (K)-module with highest weight ! r by L(! r ). Recursive formulae for the dimensions of the fundamental irreducible modules were given by Premet and Suprunenko in 26] when p > 2. These results were generalized to a eld of an arbitrary characteristic by Adamovich 1, 2] . The multiplicities of the composition factors can also be found in 1, 2, 26] . The numerical results of Premet and Suprunenko depend on certain properties of the representations, corresponding to two-part partitions, of appropriate symmetric groups.
Suppose then that K has characteristic 2. It is well known that there is an embedding of the symmetric group 2l+1 into Sp 2l (K). In the rst section of this paper we show that each composition factor for the action of Sp 2l (K) on^rE remains irreducible on restriction to 2l+1 . More precisely, we prove that the irreducible module L(! r ) labelled by the fundamental weight ! r (1 r l), is irreducible on restriction to 2l+1 and its restriction is isomorphic to the irreducible module D (2l+1?r;r) labelled by the partition (2l + 1 ? r; r) of 2l + 1. Thus the dimension problem for the fundamental irreducible modules of Sp 2l (K) is equivalent to the dimension problem for the irreducible modules D (2l+1?r;r) of 2l+1 , which has been investigated in some detail in 10] .
In view of the fact that the l fundamental irreducible modules of Sp 2l (K) remain irreducible on restriction to 2l+1 , it seems reasonable to ask whether there any other irreducible modules of Sp 2l (K) with this property. We have not found any such examples, but the question raised does lead to some further interesting investigations. Provided l 2, we actually have an embedding 2l+1 < 2l+2 Sp 2l (K); compatible with the previous embedding for 2l+1 . The restriction of L(! r ) to 2l+2 is of course irreducible for 1 r l, with restriction isomorphic to the irreducible module D (2l+2?r;r) labelled by the partition (2l + 2 ? r; r) of 2l + 2. In section 2 of this paper, we show that if l is even, the irreducible module L(! 1 + ! 2r ) with highest weight ! 1 + ! 2r is 1991 Mathematics Subject Classi cation: 20C20, 20C30, 20C33, 20G05. The authors wish to thank Professor G. Michler for an invitation to the Institute f ur Experimentelle Mathematik in Essen in 1996 when this work was begun. The rst author also wishes to thank Jens Rosenboom for performing computer calculations that sug gested that the results of Section 1 of this paper might be true.
The second author gratefully acknowledges the support of the NSF, grant DMS-9600124.
irreducible on restriction to 2l+2 , with restriction isomorphic to D (2l+1?2r;2r;1) . The case when r = l=2 is particularly noteworthy. It is well known that L(! 1 + ! l ) is expressible as the tensor product L(! 1 ) L(! l ). L(! 1 ) is the natural module E of dimension 2l and L(! l ) is the spin module of dimension 2 l . The restrictions of L(! 1 ) and L(! l ) to 2l+2 are the irreducible modules D (2l+1;1) and D (l+2;l) , respectively. We call D (l+2;l) the spin module for 2l+2 . Our result referred to above implies that D (2l+1;1) D (l+2;l) is irreducible and isomorphic to D (l+1;l;1) . Thus we obtain an example of what seems to be an uncommon phenomenon, the tensor product of two non-trivial irreducible modules for the symmetric group that is itself irreducible. Such non-trivial irreducible tensor products cannot occur for the symmetric group when the underlying eld has characteristic 0, by 30]. Moreover, by 6], non-trivial tensor products can not even be homogeneous. Following on the example of an irreducible tensor product involving the spin module, in Section 3 we investigate what can be said in general about tensoring with the spin module. We show that there is a connection here between tensoring with the spin module and the double of a spin regular partition, as de ned by Benson in 4] . We nd further irreducible tensor products using the spin modules and certain irreducible modules labelled by twopart partitions in the case of 10 and 14 . We also nd examples of homogeneous tensor products. While our conclusions are far from de nitive in most cases, we feel that the topic of tensoring with the spin module is worthy of further investigation.
We note that both the problem on irreducible restrictions from symplectic groups to symmetric groups discussed in sections 1,2 and the problem on the irreducible tensor products discussed in section 3 are of importance for describing the maximal subgroups in nite classical groups, cf. 3, 18] .
We complete this introduction with a conjecture.
Conjecture. Let Let K be a eld of characteristic 2 and let n be a positive integer. Let x 1 , : : : , x n be commuting algebraically independent indeterminates over K. Let r be an integer satisfying 1 r n and let P r denote the set of monomials of the form x i 1 x i 2 : : : x ir in K x 1 ; : : : ; x n ], where i 1 , i 2 , : : : , i r are di erent integers satisfying 1 i 1 ; i 2 ; : : : ; i r n. We note that, since the indeterminates commute, x i 1 x i 2 : : : x ir = x j 1 x j 2 : : : x jr if and only if the sets of indices fi 1 ; i 2 ; : : : ; i r g and fj 1 ; j 2 ; : : : ; j r g are equal.
The symmetric group n of degree n acts on P r by the rule (x i 1 x i 2 x ir ) = x (i 1 ) x (i 2 ) : : : x (ir) : The corresponding permutation K n -module is denoted by M (n?r;r) . We de ne the symmetric bilinear form f r on M (n?r;r) M (n?r;r) by the condition that the basis fx i 1 x i 2 : : : x ir : 1 i 1 < i 2 < : : : < i r ng of M (n?r;r) is orthonormal with respect to f r .
Assume now that 1 2r n and let a 1 , b 1 , : : : , a r , b r be di erent integers lying between 1 and n. De 
Let L(n; r) denote the span of all such elements d(i 0 ; i 1 ; : : : ; i r ). Equation (1) shows that L(n; r) is a K n -submodule of M (n?r;r) . The following result is proved by Peel in 25, pp.146-147]. Peel's notation di ers from ours, in that he uses the Specht module S (n?r;1 r ) , corresponding to the partition (n?r; 1 r ) of n, in place of^rS (n?1;1) . The K n -modules S (n?r;1 r ) and^rS (n?1;1) are isomorphic, the element (x i 0 ; x i 1 ; : : : ; x ir ) in Peel's notation corresponding to our wedge product v(i 0 ; i 1 ; : : : ; i r ). We give a proof, similar to that of Peel, using our notation. Equations (2) and (4) show that r (v(i 0 ; i 1 ; : : : ; i r )) = d(i 0 ; i 1 ; : : : ; i r ) and equations (1) and (3) show that r is a K n -homomorphism, as required. (5) for all i 1 , j 1 , : : : , i r , j r with 1 < i 1 < : : : < i r n, 1 < j 1 < : : : < j r n.
Proof. Let I = fi 1 ; i 2 ; : : : ; i r g and J = fj 1 ; j 2 ; : : : ; j r g. It is straightforward to check that the right hand side of equation (5) otherwise. On the other hand, the left hand side of equation (5) If jI \ Jj = r ? 1, then A is the matrix with zeros at all but one position on the main diagonal and ones everywhere else. Then we calculate that det A = 1, since K has characteristic 2. Finally, if jI \ Jj < r ? 1, then A has two identical rows (consisting entirely of ones), and thus det A = 0, as required.
Thus r identi es L(n; r) with^rS (n?1;1) . Moreover, r is an isometry between the natural forms de ned on these spaces. For our next result, which shows that L(n; r) contains S (n?r;r) , we quote part of the proof of 25 (ii) If rad T r denotes the radical of T r with respect to r , rad T r is a K n -submodule of T r and T r =rad T r = D (n?r;r) :
Proof. By Lemma 1.6, the preimage ?1 r (S (n?r;r) ) is spanned by the vectors of the form This proves the rst part of (i). The second part of (i) follows from Lemma 1.5. Finally, (ii) follows from (i) and Lemma 1.1.
We note that the rst part of Corollary1.7 (i) is proved in 25, Theorem 4].
We wish now to bring the symplectic group into consideration. Let l be a positive integer and let E be a vector space of dimension 2l over K. We do this by using the representation theory of the symplectic group over elds of characteristic 0. Let denote the natural homomorphism R ! R=2R = K. We also let denote the epimorphism V R ! E given by
It is clear then that ( (u; w)) = b( (u); (w)) for all u and w in V R . There is also a group homomorphism Sp 2l (R) ! Sp 2l (K), which we will denote by , induced by reducing coe cients modulo 2. We readily check that ( ) (v) = ( v) (6) for all 2 Sp 2l (R) and all v 2 V R . The image of the symplectic transvection t ;u under is the symplectic transvection t ( ); (u) . Since we can clearly obtain all symplectic transvections of Sp 2l (K) in this way, and Sp 2l (K) is known to be generated by its transvections, it follows that is surjective.
We note that^rV R is an R-lattice in^rV invariant under Sp 2l (R) and F r (R) is an R-sublattice in^rV R also invariant under Sp 2l (R). Moreover, induces an epimorphism r :^rV R !^rE, de ned by r (v 1^: : :^v r ) = (v 1 )^: : :^ (v r ) (7) for any v 1 , : : : , v r in V R . Finally, for in Sp 2l (R) we have ( ) r (v 1^: : :^v r ) = r (v 1^: : :^v r ); (8) a result that follows easily from equations (6) and (7). With these preliminaries described, we can proceed to the proof of our inequality. Lemma 1.8. Let K be a eld of characteristic 2 and let l be a positive integer. Let E be a vector space of dimension 2l over K and let b : E E ! K be a non-degenerate alternating bilinear form. Given an integer r with 1 r l, let F r (K) denote the subspace of^rE spanned by the isotropic r-vectors. Then ? 2l r?2 . Equation (8) shows that it is also Sp 2l (K)-invariant. Since r F r (R) contains the isotropic r-vector e 1^: : :^e r , our earlier remarks show that r F r (R) contains F r (K) and the desired inequality follows.
Returning to n , we suppose that n = 2l + 1 is odd, where l is a positive integer. The Specht module S (2l;1) has dimension 2l and the form de ned on S (2l;1) S (2l;1) is alternating and non-degenerate. For notational convenience, we will identify S (2l;1) with the 2l-dimensional vector space E previously studied and the form with b. We thus have the inclusion 2l+1 Sp 2l (K). Lemma 1.9. Let K be a eld of characteristic 2 and let l be a positive integer. Let r be an integer with 1 r l and let F r (K) denote the subspace of^rS (2l;1) spanned by the isotropic r-vectors. Let Let rad F r (K) denote the radical of F r (K) with respect to the bilinear form r . Then F r (K)=rad F r (K) is a KSp 2l (K)-module and we now show that it is irreducible. Corollary 1.10. Let K be a eld of characteristic 2 and let l be a positive integer. Let r be an integer with 1 r l and let F r (K) denote the subspace of^rS (2l;1) spanned by the isotropic r-vectors. Then F r (K)=rad F r (K) is an irreducible KSp 2l (K)-module whose restriction to 2l+1 is isomorphic to the irreducible module D (2l+1?r;r) .
Proof. The result follows from Corollary 1.7, since we have seen in Lemma 1.9 that F r (K) = T r .
Suppose now that K is algebraically closed and E is our vector space of dimension 2l over K. We wish to identify the irreducible KSp 2l (K)-module F r (K)=rad F r (K) and the composition factors of^rE in this case. With the usual notation, let B = TU be a Borel subgroup of Sp 2l (K) containing the maximal torus T. We may choose a symplectic basis fe 1 ; : : : ; e l ; e ?1 ; : : : ; e ?l g of E so that these vectors are weight vectors with respect to T with corresponding weights f" 1 ; : : : ; " l ; ?" 1 ; : : : ; ?" l g in the notation of 7, Table  III] . Moreover, the l subspaces he 1 i, he 1 ; e 2 i, : : : , he 1 ; e 2 ; : : : ; e l i are all B-invariant. Again with the usual notation, the fundamental dominant weights are ! 1 = " 1 ; ! 2 = " 1 + " 2 ; : : : ; ! l = " 1 + " 2 + + " l : Let L(! r ) denote the fundamental irreducible module with highest weight ! r . Theorem 1.11. Let K be an algebraically closed eld of characteristic 2 and let l be a positive integer. Let E be a vector space of dimension 2l over K and let b be a non-degenerate alternating bilinear form on E E. Let r be an integer with 1 r l and let F r (K) denote the subspace of^rE spanned by the isotropic r-vectors. Then the irreducible KSp 2l (K)-module F r (K)=rad F r (K) is isomorphic to L(! r ). Thus L(! r ) # 2l+1 = D (2l+1?r;r) .
Proof. The one-dimensional subspace spanned by the isotropic r-vector e 1^: : :^e r is contained in F r (K) and is B-invariant. Furthermore, since r (e 1^: : :^e r ; e ?1^: : :^e ?r ) = 1; e 1^: : :^e r + F r (K) is a (non-zero) maximal vector in F r (K)=rad F r (K) for which the associated weight is " 1 + + " r = ! r . The identi cation of F r (K)=rad F r (K) with L(! r ) now follows from the isomorphism theorem for irreducible rational modules of semisimple algebraic groups (see, for example, 13, 31.3]).
We note that there is a subgroup 2l+2 in Sp 2l (K) with 2l+1 < 2l+2 Sp 2l (K) when l 2. Indeed, let D (2l+1;1) be the 2l-dimensional irreducible quotient of the Specht module S (2l+1;1) . This is a faithful module provided l 2. Then the bilinear form f 1 on M (2l+1;1) > S (2l+1;1) gives rise to a non-degenerate 2l+2 -invariant alternating form on D (2l+1;1) . Thus 2l+2 Sp 2l (K) for l 2. This agrees with the natural embedding 2l+1 < 2l+2 and our previous embedding 2l+1 < Sp 2l (K) since the restriction of D (2l+1;1) to 2l+1 is naturally isomorphic to S (2l;1) .
Corollary 1.12. Assume the hypotheses and notation of Theorem 1.11 and also that l where s = r ? 2k, k is an integer satisfying 0 2k r, and j 1 , : : : , j s is a strictly increasing sequence of integers, each lying between 1 and l.
Since the action of Sp 2l (K) on^rE is rational, the classi cation of nite dimensional irreducible rational modules for semisimple algebraic groups shows that any composition factor for Sp 2l (K) in^rE is determined up to isomorphism by a dominant weight. We thus seek the dominant weights among the weights " j 1 : : : " js that occur in^rE. Now it is known that any weight is conjugate under the Weyl group to a unique dominant weight. Given the action of the Weyl group W of Sp 2l (K), we easily see that " j 1 : : : " js is W-conjugate to " 1 + : : : + " s = ! s , which is a dominant weight. Thus, the only dominant weights occurring among the weights of^rE are the ! s , with s as above, and the isomorphism theorem 13, 31.3] now tells us that the composition factors of^rE have the form L(! s ), as required.
We proceed next to nd the multiplicity of each composition factor L(! j ) in^rE. While the multiplicities above depend on the parity of binomial coe cients, the multiplicity ^E : L(! j )] of L(! j ) in the entire exterior algebra is more easily expressed, as it proves to be a power of 2. We begin by nding the multiplicity of the trivial module L(! 0 ) in^E. Let n be a positive integer and let n = 2 c 1 + + 2 ct be the 2-adic decomposition of n, where the c i are integers satisfying 0 c 1 < : : : < c t . Let r be an integer satisfying 1 r n and let r = 2 b 1 + + 2 bu be the 2-adic decomposition of r, with 0 b 1 < : : : < b u . Then ? n r is odd if and only if fb 1 ; : : : ; b u g is a subset of fc 1 ; : : : ; c t g. The case that r = 0 will be covered by taking the empty subset of fc 1 ; : : : ; c t g. Thus, since fc 1 ; : : : ; c t g has exactly 2 t subsets, there are 2 t di erent odd binomial coe cients ? n r .
Consider now the exterior power^kE. It is well known that as a KGL 2l (K)-module, 2l?k E is isomorphic to the dual of^kE. But, as an KSp 2l (K)-module,^kE is isomorphic to its dual, the isomorphism being provided by an invariant non-degenerate symmetric bilinear form constructed from the underlying alternating form b in the manner described before Lemma 1.5. Thus it follows that^2 l?k E is isomorphic to^kE as a KSp 2l (K)-module.
Having made these observations, we proceed to the proof of the following multiplicity theorem. in accordance with our theorem.
The multiplicity ^E : L(! r )] for 1 r l is also a power of 2, for it is straightforward to see from Theorem 1.14 that this number equals the multiplicity of the trivial KSp 2l?2r (K)-module in the exterior algebra^E(2l ? 2r), where E(2l ? 2r) is a symplectic space of dimension 2l ? 2r over K, which may be found from Theorem 1.15.
Investigation of further irreducible modules for Sp 2l (K) and 2l+2
The previous section has shown that there are certain irreducible KSp 2l (K) modules that remain irreducible on restriction to both 2l+1 and 2l+2 . An obvious question to ask is whether there are additional irreducible KSp 2l (K) modules that remain irreducible on restriction to 2l+1 , or failing that, on restriction to 2l+2 . We have not found any further such modules that remain irreducible on restriction to 2l+1 , but the purpose of this section is to construct, using the fundamental modules for Sp 2l (K), additional modules that do remain irreducible on restriction to 2l+2 . It is unlikely that the modules that we consider are the only ones with the sought-for property. Our next result is a straightforward consequence of the Mackey subgroup theorem, and we therefore omit its proof. Lemma 2.4. Let K be an arbitrary eld and let W be a K n -module. Let be the natural permutation module for K n of degree n. Then we have (W " n+1 ) # n = W (W ):
We proceed to investigate the tensor products of certain irreducible K n -modules. Finally, when j = l, the only di erence in the argument is that D (2l+2;2l+1) # 4l+2 2D (2l+2;2l) and the amended result in this case is thus clear.
Remark. The assumption that n 2 mod 4 is essential to the truth of Theorem 2.5.
We have been able to prove the following more involved tensor product theorems when We proceed to give an interpretation of Theorem 2.5 in terms of the representations of Sp 4l (K). Theorem 2.6. Let K be an algebraically closed eld of characteristic 2. Then for the
We proceed by induction on j, the result being obvious when j = 0. We note that if and are dominant weights and L( ) and L( ) are the corresponding irreducible KSp 4l (K)-modules, L( ) L( ) contains L( + ) as a composition factor (see, for example, 13, 31.4]). Thus L(! 1 ) L(! 2j ) certainly contains L(! 1 + ! 2j ) as a composition factor for 1 j l.
We know from Lemma 1.13 that, provided 1 j l, the composition factors of^2 j E consist of L(! 2j ), with multiplicity 1, together with various L(! 2j?2s ), where 1 s j. (Here we take E to be the natural vector space of dimension 4l over K on which is an irreducible K 4l+2 -module for 1 j l.
Remark. for Sp 2l (F 2 ) over K (and they may be realized over F 2 ). Since we have 2l+2 Sp 2l (F 2 ) for l 2, it is the restriction of these 2 l irreducible modules to 2l+2 that we wish to check for irreducibility.
As we have seen, the restriction of spin module L(! l ) to 2l+2 is the irreducible module D (l+2;l) and its restriction to 2l+1 is the irreducible module D (l+1;l) . We shall refer to these modules as spin modules for the symmetric group over F 2 . We now make use of properties of the characteristic 0 spin modules for the proper double covers of the symmetric groups to investigate these characteristic 2 spin modules in more detail.
Let ? n denote either of the two non-isomorphic proper double covers of the symmetric group n . ? n has a faithful irreducible complex module , say, of dimension 2 (n?1)=2] , known as the basic spin representation. By nding a suitable integral lattice in a basic spin module, we may reduce coe cients modulo 2 to form the module , say, for n in characteristic 2. It is known, 4, 5.1], that is isomorphic to the spin module described in the paragraph above. This enables us to calculate the Brauer characters of the spin modules in characteristic 2.
Let ' (l+2;l) denote the Brauer character of D (l+2;l) and let be an element of odd order Suppose nally that n = 2m is even and there are t di erent 2-regular partitions 1 ; : : : ; t such that D i S is irreducible. Let # 1 , : : : , # t be the Brauer characters of these irreducible tensor products. Since the irreducible Brauer characters are linearly independent modulo 2, there must exist elements g 1 , : : : , g t of odd order in n such that the t t integer matrix (# i (g j )); 1 i; j t is non-singular modulo 2. Now, as each # i is a product of an irreducible Brauer character with ', the g j must be non-conjugate elements such that '(g j ) is an odd integer. By our earlier observations, each g j is a product of two disjoint odd cycles and hence t (m ? 1)=2] + 1. This completes the proof of part (b).
Concerning the construction of irreducible tensor products using the spin module, as described in part (b) of Theorem 3.1, Theorem 2.5 has already provided an example of such a non-trivial irreducible tensor product when n 2 mod 4, n 6. We take = (n ? 1; 1) in this case. On the basis of looking at examples for n 14, we speculate that the following may be true. Suppose that n 2 mod 4 and write n = 4m + 2. Let be the partition We now want to prove a result on the`modular Littlewood-Richardson rule' to be used later. Let us write t for a partition conjugate to , i.e. the partition whose Young diagram is the transpose of that of . Given partitions = ( 1 ; 2 ; : : : ); = ( 1 ; 2 ; : : : ) we denote the partition ( 1 + 1 ; 2 + 2 ; : : : ) by + . Moreover, we denote by m( ; ) the partition ( t + t ) t . If ; ; are partitions of m; n; m + n respectively, let c denote where M is the permutation module for n obtained by permuting the cosets of , 9, 38.5]. By comparing these two decompositions, we can obtain some information about tensoring modules with the spin module. Before proving our main result, we brie y discuss some properties of partitions.
Let and be 2-regular partitions of n with . Suppose that and are both spin regular. Then it is straightforward to prove that d( ) d( ). However, if we assume only that is spin regular, we cannot deduce that is also spin regular. For example, taking n = 15 and = (9; 5; 1), is spin regular but there are several 2-regular partitions that dominate and are not spin regular. This seems to introduce complications into the development of the theory. In the special case that and are both partitions of n into at most two parts, with , it is easy to see that if is spin regular, then is also spin regular. We use this fact in our nal result. The claim is clear when = (n). We assume that the theorem is proved for all partitions of n into at most two parts with . As we noted above, any such is spin regular. 
